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Abstract. The paper deals with the problem posed by Katz and 
Morris whether the free product with amalgamation of any Haus- 
dorff topological groups is Hausdorff, the negative solution of which 
(even for the particular case of a closed amalgamated subgroup) eas- 
ily follows from the relevant result by Uspenskij. The topology of 
such a product is characterized by proving that it coincides with the 
so-called ATo-topology in the sense of Mal'tsev for the corresponding 
pushout X in the category of Hausdorff topological spaces. Apply- 
ing this characterization, it is proved that the canonical mappings 
of Hausdorff groups into their amalgamated free product are open 
homeomorphic embeddings if an amalgamated subgroup is open. 
This immediately implies that in that case this product is Hausdorff. 
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1. Introduction 

Under the free product of topological groups A and C (being or not 
being Hausdorff) with a common topological subgroup B amalgamated 
we mean the topological group D given by the pushout 




in the category of all (!) topological groups; here a and 7 are obvious 
embeddings. Recall that the fact that (1.1) is a pushout means that 
for every pair /i and v of continuous homomorphisms of resp. A and C 
into any topological group which agree on 5, there exists a unique 
continuous homomorphism (p of D into E with (pK = ^ and 0A = 

In [Sj Katz and Morris posed the problem whether (i) the free product 
with amalgamation of any Hausdorff topological groups is Hausdorff, (ii) 
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its underlying group is the amalgamated free product of the underly- 
ing groups and (iii) the canonical mappins of the given groups into the 
above-mentioned product are homeomorphic embeddings. Note that the 
negative answer to (i) easily follows from the result by Uspenskij [12], [13] 
asserting that not every epimorphism in the category of Hausdorff topo- 
logical groups has the dense range, and Remark 2.1 below. Indeed, if the 
free product of a Hausdorff topological group A by itself with an amal- 
gamated subgroup B is Hausdorff, then B is an equalizer of some pair of 
continuous mappings into a Hausdorff space, and hence B is closed. But 
even in that case the free product of Hausdorff groups with amalgama- 
tion is not necessarily Hausdorff since otherwise every closed embedding 
would be an equalizer of some pair of continuous homomorphisms which 
contradicts the above-mentioned result by Uspenskij. 

Though (i) has the negative answer, the range of particular cases where 
the problem has the positive answer is known. For instance, Ordman set- 
tled the problem for some locally invariant Hausdorff groups [11] . Khan 
and Morris solved the problem in the case where the amalgamated sub- 
group is central [7], JE\. The important case where the given Hausdorff 
groups are /c^-groups is dealt with in three papers by Katz and Morris. 
Namely, in [1] they obtained the desired result for the case where the 
amalgamated subgroup is closed and normal, while in [5] the authors 
proved the statement for the case where the amalgamated subgroup is 
compact. In [6| they weakened the latter condition, replacing it by the 
so-called beseder condition. Later, Nickolas generalized these result by 
proving that the free product of any fc^-groups with a closed subgroup 
amalgamated is a fc^^-group (TD] and the canonical mappings of these 
groups into this product are closed homeomorphic embeddings. 

Let us also distinguish the particular case of the trivial amalgamated 
subgroup. In that case the answer to the above-posed problem is given 
by the following theorems applied in our discussion. 

Theorem 1.1 (Graev [3]). The free product of Hausdorff topological 
groups is Hausdorff. 

Theorem 1.2 (Mal'tsev [90). The canonical mappings of Hausdorff 
topological groups into their free product are closed homeomorphic em- 
beddings. 

In this paper we describe the topology of the free product of any Haus- 
dorff topological groups with amalgamation by proving that it coincides 

* In [9| , the author actually proved a more general statement in which the groups 
are replaced by algebras from any variety, assuming that they satisfy a certain 
condition. 
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with the so-called Xo-topology in the sense of Mal'tsev |[9j for the corre- 
sponding pushout 

(1.2) 




in the category of Hausdorff topological spaces. The proof is based on the 
simple observation that a pushout of closed homeomorphic embeddings 
in the category of Hausdorff topological groups is precisely the Hausdorff 
topological group determined in the sense of [9] by X and a special set 
of relations. According to the found description a subset O is open in D 
if and only if the following conditions are satisfied: 

(i) O n X is open in X; 

(ii) for any n > 2 and Xi,X2, ■ ■ ■ ,Xn & X with 

X1X2 ■ ■ - Xn e O, 

there exist neighborhoods Wi,W2,-..,Wn in X of resp. 

Xi,X2, ...,Xn with 

W^W2 ■■■WndO- 

(iii) for any x E X with 

x-^ G O, 

there exists a neighborhood W m. X oi x with 

w-^ C O. 

Applying this fact, we prove that the canonical mappings of Haus- 
dorff topological groups into their amalgamated free product are open 
homeomorphic embeddings if an amalgamated subgroup is open. This 
immediately implies that in that case this product is Hausdorff. 

Though we use the category approach to the issue, only little knowl- 
edge of category theory is needed for reading the paper. We assume that 
the reader is familiar with basic notions such as "category", "pushout", 
"equalizer", "(left adjoint) functor", and the well-known fact that a left 
adjoint functor preserves pushouts (and other colimits). 

2. Free Products of Hausdorff Groups with Amalgamation 
Let us begin with the following 
Remark 2.1. Since the forgetful functor 

F : Top(Grp) — ^ Grp, 
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where Top(Grp) is the category of topological groups, while Grp is 
that of discrete groups, has a right adjoint (sending a discrete group 
to itself, but equipped with an antidiscrete topology), it preserves the 
free products with amalgamation. Therefore the underlying group of the 
free product D of topological groups A and C with an amalgamated sub- 
group B is the amalgamated free product of the corresponding underlying 
groups. Therefore, n{A) U A(C) generates D algebraically. Moreover, for 
any pushout (1.1) in Top(Grp) with injective a and 7, so are k and A, 
and we have 

k{A) n \{C) = Ka{B). (2.1) 

Below, when no confusion might arise, we will identify the elements of A 
and C with their images under resp. k and A. 

For the reader, with deeper knowledge of category theory, we note that 
the functor F is, in fact, topological (Wyler [H]). Therefore Top (Grp) 
has all (small) limits and colimits, and F preserves them (see, for exam- 

pie, m 

Let us now describe the topology of the free product of Hausdorff 
topological groups with amalgamation. To this end recall Mal'tsev's 
notion [9j *i of the Hausdorff topological group determined by a Hausdorff 
topological space X and a set of relations 

i E I, where is a group term on the variables Xi-^,Xi^, . . . ,Xi^, from 
X. Such a group is defined as a Hausdorff group G equipped with a 
continuous mapping cr : X — > G, for which 

(i) G is the smallest closed subgroup containing o"(X); 

(ii) a maps the left-hand part of (2.2) into the unit for alH G / and, 
moreover, is universal among continuous mappings (into Haus- 
dorff groups) with this property, i.e. for any such continuous 
mapping 9 : X — > G' with Hausdorff group G', there exists a 
(unique) continuous homomorphism : G — > G' with (pa = 6. 

The problem of the existence (and uniqueness up to an isomorphism) of 
the Hausdorff topological group determined by any Hausdorff topological 
space X and any set of relations was positively solved in [9J. 

When the set of relations is empty, G is called the free Hausdorff 
topological group over X [9j. Note that such G is precisely the image of 
X under the left adjoint for the forgetful functor 

Haus(Grp) — > Haus, 



** Mal'tsev introduced this notion and that of the Xo-topology to be mentioned 
below, in a more general context of any variety of universal algebras. 
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where Haus(Grp) is the category of Hausdorff topological groups, while 
Haus is that of Hausdorff topological spaces. Moreover, the Hausdorff 
group determined by the Hausdorff space X and any set of relations 
is merely the quotient-group of the free Hausdorff group over X by a 
suitable normal closed subgroup. 

Our discussion is based on the observation that for any Hausdorff topo- 
logical groups A, C, their common closed subgroup B and the pushout 

(2.3) 




in the category of Hausdorff topological groups, D in (2.3) is precisely 
the Hausdorff topological group determined by the Hausdorff space X 
given by the pushout 

(2.4) 




in the category of Hausdorff topological spaces and the set of relations 

1 = 1, 

-1 T (2.5) 
ai a2 (23 = i 

and 

CiC2Cji = l, (2.6) 

for all ai, 02, E A and Ci, C2, C3 G C, for which equalities (2.5) and 
(2.6) are valid in resp. A and C. Recall that the underlying set of the 
space X is the free union of the sets A\B and C, while the open sets in 
it are sets W such that both {p~^(W) and ip'^iW) are open. 

Remark 2.2. We have restricted our consideration to the case of a closed 
common subgroup B since otherwise the space X need not be Hausdorff. 
It is obvious that our observation remains valid for arbitrary B if the 
word "Hausdorff" is omitted everywhere in it and in the corresponding 
Mal'tsev's definition, too. 

Further, let us recall yet another notion by Mal'tsev [9]. Let X be 
a topological space, and let G be a (discrete) group containing X as a 
subset. One has the so-called Xo-topology on G. The open sets in it are 
subsets O such that for any group term t{xi, X2, ■ ■ ■ , Xn) on the variables 
Xi, X2, ■ ■ . ,Xn from X with 

t{Xi,X2, ...,Xn)eO, 
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there exist neighborhoods Wi, W2, ■ ■ ■ , Wn in X of resp. xi,X2, ■ ■ ■ ,Xn 
such that 

tiW,,W2,...,Wn)C0. 

If X is closed under inverse elements, then the latter condition is obvi- 
ously equivalent to the following ones: 

(i) O n X is open in X; 

(ii) for any n > 2 and xi,X2, ■ ■ ■ ,Xn E X with 

X1X2 ■ ■ - Xn & O, 

there exist neighborhoods Wi,W2, ■ ■ ■ ,Wn in X of resp. 

Xi,X2, . . .,Xn with 

W^W2---Wn C O; 

(iii) for any x E X with 

x-^ G O, 

there exists a neighborhood 14^ in X of x with 

ly-^ C O. 

It is clear that if, moreover, X is a subgroup of G, then the condition 
(ii) is equivalent to its weak version, formulated only for n = 2. If, in 
addition, X is a topological group with respect to the available topology, 
then (i) implies both (ii) and (iii). 

Note that, in general, the Xg-topology is not compatible with the 
algebraic srtucture of G. However, sometimes this is the case. 

Theorem 2.3 (Burgin [2])***. | Let X be a completely regular topo- 
logical space, and let G be the Hausdorff topological group determined by 
X and any set of relations. If the canonical mapping a : X — > G is a 
homeomorphic embedding, then G has the X^-topology. 

We have 

Lemma 2.4. Let G be a topological group, and let X be its sub- 
space. Let N be a normal subgroup of G, and X/N be the quotient-set 
determined by the equivalence relation induced by N, equipped with the 
quotient-topology. Let G have the X^-topology. Then the quotient- group 
G/N has the {X/N)o-topology. 

Proof. Let O be open in the (X/X)o-topology. Consider the union 
O' of equivalence classes from O and show that it is open in the Xq- 
topology. For the condition (i), we note that O' fl X is precisely the 
union of equivalence classes from the set O fl {X/N). 



*** In [2] Burgin considered the general case of an arbitrary Mal'tsev variety. 
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To verify (ii), let us consider Xi, 2:2, . . . , G X with 



for the equivalence classes [xi], [0:2], . . . , containing resp. Xi, 
X2, ■ ■ ■ ,Xn. Hence there are open neighborhoods Wi, W2, ■ ■ ■ , Wn in X/N 
of resp. [xi], [2:2], . . . , [xn] with 



The unions W[, W2, ■ ■ ■ , W!^ of equivalence classes from resp. 
W^i, 1^2, ■ ■ ■ , Wn are open in X and contain resp. Xi, X2, . . . , More- 
over, 



For the condition (iii), let x e X and x~^ e O' . Then [x]~^ e O. 
Consequently, one has an open neighborhood W in X/N of the class [x\ 
with W^'^ C O. The union W of equivalence classes from W is open in 
X and W'^ C O'. 

Thus O is open in the quotient-topology. 

The converse follows from the fact that the operations oi G/N are 
continuous in the quotient-topology. □ 

Lemma 2.4 implies 

Theorem 2.5. Let A, C he Hausdorff topological groups, and let the 
internal rectangle in the diagram 



X1X2 • • • x„ e O'. 



Then 



[Xi][x2] ■ ■ ■ [Xn] e O, 



W1W2 ■■■WnCO. 



W[ W^---W^C o'. 



B 



7 



(2.7) 



a 



A 




be a pushout in the category Top of topological spaces, while the external 
one he a pushout in that Top(Grp) of topological groups. Let a and 7 
he infective mappings. Then so is cu, and D has the Xo-topology. 
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Proof. The injectivity of 00 follows immediately from Remark 2.1. To 
determine the topology of the group D, consider the diagram 



where, again, the internal rectangle is a pushout in Top, while the exter- 
nal one is a pushout in Top(Grp). In other words, X' is the coproduct 
of (^4, 1) and (C, 1) in the category of topological spaces with a fixed 
point, while D' is the coproduct (i.e. the free product) of A and C in 



From Remark 2.1 we conclude that uo' is injective. Let us show that 
cu' is a homeomorphic embedding. To this end, consider an open subset 
W of X' and show that for any x G W, there exists a neighborhood 
O,., in D' of X with n X' C W. Let U = W n A and V = W n 
C. According to Theorem 1.2, k' and A' are (closed) homeomorphic 
embeddings. Therefore D' has open subsets and O*^ such that U — 
O^nAa^ndV ^o^n C. 

If a; = 1, then we can take Ox = fl O'^ . 

If X 7^ 1 and lies, say, in A, then the desired neighborhood Ox of x is 

o^n{D'\c). 

Since A and C are Hausdorff groups, they are also completely regular. 
Hence X' is also of this kind. Moreover, according to Theorem 1.2, D' 
is Hausdorff. Then Theorem 2.3 implies that the topology of D' is the 
X^-topology. 

Let N be the smallest normal subgroup of D' containing elements of 
the form a{b){'y{b))~^ for all b E B. Then D is isomorphic to D'/N as 
a topological group. Since the mappings a and 7 are injective. Remark 
1.2 implies that X is isomorphic to X'/N as a topological space and 
LV is the mapping induced by a;'. Lemma 2.4 implies that D has the 
Xo-topology. □ 

Lemma 2.6. In the conditions of Theorem 2.5, the following conditions 
are equivalent: 

(i) B is open both in A and in C; 

(ii) B is closed both in A and in C , and the mappings k and A are 
open homeomorphic embeddings. 



{1} 



C 




D' 



Top(Grp). 
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Proof. (i)=^(ii): It is well-known that each open subgroup of a topo- 
logical group is closed as well. Let us now show that each open subset W 
of X is open in D, too. To verify the condition (ii) in the definition of the 
Xo-topology, let us apply the principle of mathematical induction. First 
we consider the case where n = 2. Let Xi,X2 & X with X1X2 G W. It is 
clear that both xi,X2 belong either to ^4 or to C because otherwise the 
product X1X2 would belong to D\X. Let xi and X2 lie, say, in A. Then 
any neighborhoods Ui and U2 in A of resp. Xi and X2 with U1U2 C H^n74 
are the desired ones. 

Assume that n > 2 and the statement is valid for (n — 1). Consider 
Xi, X2, ■ ■ ■ ,Xn & X with 

X1X2 ■■■Xn eW. 

If no two Xi, Xi+i lie in one and the same Gj (here Gi — A and G2 — C), 
then 

X1X2 ■ ■ - Xn E D\X, 

which is impossible. Therefore there exist Xi and Xj+i from one and the 
same Gj. Since 

X1X2 ■ ■ ■ Xi_i{XiXi+i)Xi+2 ■■■XneW 

and XiXi-^i G X, by the assumption of mathematical induction, we 
have neighborhoods Wi,W2, . . . ,Wi-i,W',Wi+2, ■ ■ ■ ,Wn in X of resp. 

Xi, X2,..., Xi-i, {XiXi+i),Xi+2, ■■■,Xn with 

WiW2 ■ ■ ■ Wi^iW'Wi+2 ■■■WnCW. 

By what has been proved above, there exist neighborhoods Wj and W^+i 
in X of resp. Xi and Xi+i with 

Wi Wi+i C W. 

Therefore the system of neighborhoods VFi, . . . , Wj_i, Wj, PFj+i, 
Wi^2, ■ ■ ■ ■ is the desired one. Thus the mapping ou, and therefore 
K and A, too, are open homeomorphic embeddings. 

(ii)=^(i): li A — B, then k — ^ and the assertion is proved. Let 
a e ^\-B, and b E B. Since A is open in X and ab G A, we have a 
neighborhood U in A of a such that U (1 B = and a neighborhood W 
in X of 6 with UW C A. Then W (Z A, and therefore b is an internal 
point of -B in C. □ 

Lemma 2.7. In the conditions of Theorem 2.5, if a and 7 are open 
homeomorphic embeddings, then D is a Hausdorff topological group. 

Proof. It is sufficient to show that the set {1} is closed in D. But it is 
closed in A since A is Hausdorff, and, moreover, A itself is closed in D 
as an open subgroup (see Lemma 2.6). □ 
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Lemmas 2.6, 2.7 immediately imply 

Theorem 2.8. Let B he a common open topological subgroup of Haus- 
dorff topological groups A and C . Then the free product of A and C with 
the amalgamated subgroup B is Hausdorff and, moreover, the canonical 
mappings of A and C into this product are open homeomorphic embed- 
dings. 

When an amalgamated subgroup is open, one can give another, more 
explicit, characterization of the topology of the free product of Hausdorff 
groups with amalgamation. 

Proposition 2.9. In the conditions of Theorem 2.5, the X^-topology 

on D is weaker than that generated by sets of the form 



U,V,U2V2---UnVn, (2.8) 

U,ViU2V2---Vn-lUn, (2.9) 

V^U,V2U2■■■VnUr„ (2.10) 

V,UiV2U2---Un-lVn, (2.11) 



for all n > 1, open subsets Ui,U2, ■ ■ ■ ,Un of A and open subsets 
Vi,V2, ■ ■ ■ ,Vn of C . If a and 7 are open homeomorphic embeddings, then 
these two topologies coincide. 

Proof. Let O be an open set in the Xo-topology, and let d G 0\X. 
The element d can be represented as a product of elements from A and 
C. Let d have, say, the form 

d = fliCi a2C2 ■ ■ ■ ttnCn, 

with oi, 02, . . . , a„ G A and Ci, C2, . . . , c„ G C. Then there exist open 
neighborhoods Wi,Wl,W2,W2, ■ ■ ■ ,Wn,W^ in X of resp. ai,ci, 
02, C2, . . . , an, Cn with 

Wi,W[,W2,Wi,...,Wn,W:,cO. 

Let Ui = Wi n A and Vi = Wl n C {i = 1,2, ... ,n). Then 

deUiV,U2V2---UnVnCO. 

li d E O n A, then similar arguments applied to the representation 
d = d ■ 1 imply that 

d G UiVi C O 

for some open subsets Ui and Vi of resp. A and C. Therefore O is open 
in the topology induced by the sets (2.8)-(2.11). 

The converse follows immediately from Lemma 2.6. □ 
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